We consider a simple model describing premixed combustion in the presence of fluid flow: reaction diffusion equation with passive advection and ignition type nonlinearity. Strong advection can suppress flames -a process we call quenching. A flow is called quenching if any compactly supported initial data will become extinct provided that the amplitude of the flow is chosen sufficiently large. In this paper, we provide a sharp characterization of quenching shear flows, improving results of [4] . The efficiency of quenching depends strongly on the geometry and scaling of the flow. We discuss the cases of slowly and quickly varying flows, proving analytically behavior that has been observed earlier in numerical experiments [13] . The technique involves probabilistic and PDE estimates, in particular applications of Malliavin calculus and central limit theorem for martingales.
Introduction
A mathematical model that describes a chemical reaction in a fluid is a system of two equations for concentration n and temperature T of the form
The equations (1.1) are coupled to the reactive Navier-Stokes equations for the advection velocity u(x, y, t). Two assumptions are usually made to simplify the problem: the first is a constant density approximation [3] that allows to decouple the Navier-Stokes equations from the system (1.1) and to consider u(x, y, t) as a prescribed quantity that does not depend on T and n. The second assumption is that Le = 1 (equal thermal and material diffusivities). These two assumptions reduce the above system to a single scalar equation for the temperature T . We assume in addition that the advecting flow is unidirectional. Then the system (1.1) becomes
T (0, x, y) = T 0 (x, y)
with f (T ) = g(T )(1 − T ). We are interested in strong advection, and accordingly have written the velocity as a product of the amplitude A and the profile u(y). In this paper we consider a nonlinearity f ≡ 0 of the ignition type The last condition in (1.3) is just a normalization. We consider the reaction-diffusion equation (1.2) in the strip D = {x ∈ R, y ∈ [0, h]}. Equation (1.2) may be considered as a simple model of flame propagation in a fluid [2] , advected by a shear (unidirectional) flow. The physical literature on the subject is vast, and we refer to the recent review [15] for an extensive bibliography. The main physical effect of advection on front-like solutions is the speed-up of the flame propagation due to the large scale distortion of the front. The role of the advection term in (1.2) for the front-like initial data was also a subject of intensive mathematical scrutiny recently, see [1, 15] for the references.
Our main goal in the present paper is to consider advection effects for a different physically interesting situation, where initial data are compactly supported. In this case, two generic scenarios are possible. If the support of the initial data is large enough, then two fronts form and propagate in opposite directions. Fluid advection speeds up the propagation, accelerating the burning. However, if the support of the initial data is small, then the advection exposes the initial hot region to diffusion which cools it below the ignition temperature θ 0 , ultimately extinguishing the flame.
We take u(y) to be periodic with period h and with mean equal to zero: h 0 u(y)dy = 0.
(1.4)
A constant non-zero mean can be easily taken into account by translation. For the temperature, we impose periodic boundary conditions T (t, x, y) = T (t, x, y + h) (1.5) in y and decay in x. We will always assume that initial data T 0 (x, y) is such that 0 ≤ T 0 (x, y) ≤ 1. Then we have 0 ≤ T ≤ 1 for all t > 0 and (x, y) ∈ D. For simplicity, we will usually assume that the initial data coincide with characteristic function of some set. More generally, we may assume that for some L and η > 0 we have
The main purpose of this paper is to study the possibility of quenching of flames by strong fluid advection in the model (1.2) . The phenomena associated with flame quenching are of great interest for physical, astrophysical and engineering applications. The problem of extinction and flame propagation in the mathematical model (1.2) was first studied by Kanel [7] in one dimension and with no advection. He showed that, in the absence of fluid motion, there exist two length scales L 0 < L 1 such that the flame becomes extinct for L < L 0 , and propagates for L > L 1 . More precisely, he has shown that there exist L 0 and L 1 such that
In the absence of advection, the flame extinction is achieved by diffusion alone, given that the support of initial data is small compared to the scale of the laminar front width l = κ/v 0 . However, in many applications quenching is the result of a strong wind, intense fluid motion, and operates on larger scales. Until recently, there were few results available for such situations in the framework of the reaction-diffusion model. Kanel's result was extended to non-zero advection by shear flows by Roquejoffre [10] who has shown that (1.7) holds also for u = 0 with L 0 and L 1 depending, in particular, on A and u(y). However the interesting question about more explicit quantitative dependence of L 0 , L 1 on A and u(y) remained open until recent work [4] . The following definition was given in [4] . Definition 1.1. We say that the profile u(y) is quenching if for any L and any initial data T (0, x, y) supported inside the interval [−L, L] × [0, h], there exists A 0 such that the solution of (1.2) becomes extinct:
for all |A| ≥ A 0 . We call the profile u(y) strongly quenching if the critical amplitude of advection A 0 satisfies A 0 ≤ CL for some constant C = C(u, κ, v 0 , h) (which has the dimension of inverse time).
The quenching property has been linked in [4] with hypoellipticity of a certain degenerate diffusion equation. In particular, one of the main results showed that u(y) is strongly quenching if there is no point y where all derivatives of u vanish. On the other hand, if u(y) has a plateau larger than a certain critical size, then u is not quenching. However hypoellipticity does not provide a precise solution of the problem at hand: a shear flow u(y) with a small plateau leads to an auxiliary equation which is not hypoelliptic, yet it is quenching. Our first goal in this paper is to prove sharp characterization of quenching shear flows. The result, Theorem 3.1, states that the shear flow is quenching if and only if it has a plateau exceeding certain critical size. This critical scale can be described in terms of existence of solutions to a nonlinear Dirichlet problem. The main new technical ingredient involves estimates of certain stochastic integrals, in particular application of Malliavin calculus to derive absolute continuity of the relevant random variables. The second goal is to study dependence of quenching on the scaling of the flow. Numerical experiments [13] suggest that there is a certain scale of the flow for which quenching is most efficient. Namely, if u(y) = sin παy, then the size L A of initial data that can be quenched by flow Au(y) satisfies L A ∼ C α A with C α achieving maximum for some α 0 . Moreover, the constant C α satisfies C α ∼ α −1 for large α and C α ∼ α 2 for small α. We prove that in the small and large α asymptotic regimes one indeed has quenching for the initial data satisfying the above scaling. Central limit-type theorem for martingales is instrumental in obtaining the large α result.
The paper is organized as follows. In Section 2 we establish some auxiliary technical estimates on stochastic integrals. In Section 3 we prove results on quenching by shear flows and provide a characterization of the critical plateau size in terms of a corresponding Dirichlet problem. In Section 4 we deal with the scaling question.
Stochastic Integrals
Results from this section will be used to obtain upper bounds on the solutions of (1.2) without the non-linear term, which can be expressed in terms of the Brownian motion. See the beginning of Section 3 for details and how this translates into estimates on the temperature T .
We call a plateau of a function u ∈ C(R) any maximal (w.r.t. inclusion) interval on which u is constant. We start by proving Lemma 2.1. Let u ∈ C 1 (R) be bounded along with its first derivative and let W y s denote the normalized one-dimensional Brownian motion starting at y. Then for any a ∈ R we have
Remarks. 1. In other words, the first probability is zero unless y is an interior point of a plateau of u with u(y) = a t , in which case it equals the probability of W y s staying inside this plateau for all s ∈ [0, t]. 2. This lemma for u ∈ C ∞ and y not in a plateau of u follows from a probabilistic version of Hörmander's theorem (see, e.g., [8, Theorem 2.3.2] ). Here we extend it to all u ∈ C 1 and all y.
3. We believe that the same result holds for u ∈ C(R) but we were unable to locate an appropriate reference in the literature.
Proof. By Theorem 2.1.3 in [8] with F (W y ) ≡ t 0 u(W y s )ds, the law of the random variable F is absolutely continuous with respect to the Lebesgue measure on R whenever
almost surely. We note that with the notation of [8, p.24-26] Eq. (2.2) is obviously true if u ′ is not identically zero on an interval around y, that is, when y is not inside a plateau. In particular, for such y and all a, Now assume y to be inside a plateau I. For any open interval J with rational end points not intersecting any plateau of u, and any rational τ ∈ (0, t), let B J,τ be the set of Brownian paths W y such that W y τ ∈ J. Notice that every W y that exits I before time t, belongs to some such B J,τ .
We have for any a 
Since there are only countably many sets B J,τ , the result follows.
The main result of this section is
Remarks. 1. Note that non-uniform convergence is an obvious consequence of Lemma 2.1.
2. The importance of this lemma lies in the fact that for large A it gives us a uniform (in (t, y, x) ∈ S × R × R) estimate on the solution of (3.3),(3.4) below, using (3.8). Through (3.6),(3.7) this translates into an upper bound on the temperature T .
To prove the lemma, consider the function
that is, the probability of 
As δ → 0, the first probability goes to zero because by Lemma 2.1,
The second probability goes to zero because
Proof of Lemma 2.2. By Lemma 2.1, p(t, y, a, 0) = 0. Hence by Lemma 2.3, p(t, y, a, ε) ↓ 0 as ε → 0, for any (t, y, a). By joint continuity of p we then have p(t, y, a, ε) ↓ 0 as ε → 0, uniformly in (t, y, a) ∈ K, for any compact K ⊂ R + × R 2 . But p is periodic in y and p(t, y, a, ε) = 0 for |a| > t u ∞ + ε. Thus p(t, y, a, ε) ↓ 0 as ε → 0, uniformly in (t, y, a) ∈ S × R × R, for any compact S ⊂ R + .
The Quenching Flows
Let u(y) ∈ C 1 (R) be a periodic function and let f (T ) be an ignitiontype non-linearity satisfying (i)-(iii) of (1.3). Let T (t, x, y), Φ(t, x, y), and Ψ(t, x, y) be the solutions of
Notice that to prove quenching, one only needs to show
for some τ > 0. Indeed, the maximum principle then implies T (t, x, y) ≤ θ 0 for all t ≥ τ . Hence we have
The functions Φ, Ψ can be used to estimate the non-linear evolution:
The first bound is achieved by replacing f (T ) with T in (3.1), while the second bound follows from the equality
where G is the fundamental solution of the one-dimensional heat equation.
Since Φ and Ψ satisfy the above linear equations, we can apply the results from the previous section to obtain the following estimates. Let (W x , W y ) be the normalized 2-dimensional Brownian motion starting at (x, y) and let (X x t , Y y t ) be the random process starting at (x, y) and given by
and
Then we have by (3.2), (3.4), and Lemma 7.8 in [9] ,
Similarly,
Theorem 3.1. With the above notation, there exists 0 < ℓ < ∞, depending only on v 0 , κ, and f , such that the following hold.
(i) If the longest plateau of u is shorter than ℓ, then there exists C (depending on u) such that for every L and |A| ≥ CL we have
If the longest plateau of u is longer than ℓ, then there is L 0 such that if L ≥ L 0 , then for any A the temperature T (t, x, y) does not go uniformly to zero as t → ∞. Moreover, this ℓ is the infimum of all l such that the equation
on (x, y) ∈ R × [0, l] with Dirichlet boundary conditions at y = 0, l, has a solution φ with φ(0, ·, ·) compactly supported (and taking values in [0, 1]) such that φ does not go uniformly to zero as t → ∞.
Remarks. 1. The fact that ℓ < ∞, follows from results of [4] . Proposition 3.4 below shows that ℓ > 0.
2. Notice that by comparison theorems (see e.g. [12, Chapter 10]), a solution φ described above exists for any l > ℓ and does not exist for l < ℓ. The case l = ℓ will be treated separately.
Proof. Let ℓ be defined as above and let l be the length of some plateau of u. Without loss of generality we can assume that this plateau is I = [0, l]. Also without loss of generality, let
x − Au(0)t, y) and the result forT translates directly to T .
Consider first the case where l > ℓ. By the definition of ℓ, there exists φ(t, x, y) defined on R + 0 ×R×I, satisfying (3.9) with Dirichlet boundary conditions at y = 0, l, such that φ(0, ·, ·) is compactly supported (in some [−L 0 , L 0 ] × I) and φ(t, x, y) does not go uniformly to zero as t → ∞. Take initial data for T with L > L 0 ; then by comparison theorems we have T (x, y, t) ≥ φ(x, y, t) for all times, proving the statement (ii) of the theorem. Now we prove (i), so let l < ℓ and fix L. 
. We set δ 1 , δ 2 > 0 to be maximal such that (−δ 1 , 0) ∪ (l, l + δ 2 ) does not intersect a plateau of size larger than γ, where γ > 0 is defined by the condition
(3.10)
Let δ = min{δ, δ 1 , δ 2 } and letφ(t, x, y) be some function defined on
, taking values in [0, 1], satisfying (3.9) with Dirichlet boundary conditions at y = −δ and y = l+δ, and such thatφ(0, x, y) ≥ χ [−L−δ,L+δ] (x)χ I (y). Note that sinceδ ≥ δ, we can pickφ(0, x, y) ≤ η(0, x, y) so that by comparison principlesφ(t, x, y) ≤ η(t, x, y) for all t. Then we have alsoφ(t, x, y) ≤ θ 0 /2 for t ≥ τ 2 − 1.
Furthermore, let 0 < τ 1 < 1 be such that
and let φ(t, x, y) ≡φ(t − τ 1 , x, y) be defined for t ≥ τ 1 . Hence φ ≥ 0,
, and, in particular, T (τ 2 , x, y) − φ(τ 2 , x, y) ≤ θ 0 /2, that is, T (τ 2 , x, y) ≤ θ 0 for such y. One can apply this argument to all plateaux of u with a uniform τ 2 (even in the presence of an infinite number of plateaux within one period of u because if some τ 2 works for a plateau of length l, it will also work for any shorter plateau), and obtain T (τ 2 , ·, ·) ∞ ≤ θ 0 (nonplateaux of u are included by the definition of δ 1 , δ 2 ). This is (3.5) and so (1.8) will follow.
Let C be such that for any |C| ≥ C and A ≡CL
whenever y ∈ I and |x| ≥ L + δ. Such C exists (and is independent of L) because by Lemma 2.2,
as |C| → ∞, uniformly in y ∈ I, L > 0, and x / ∈ [−L− δ 2 , L+ δ 2 ]. (To be correct also in the "uninteresting" case of small L, we should require δ ≤ L as well.) Using (3.11), it follows that for y ∈ I and |x| ≥ L + δ,
Next, increase C (if necessary) so that for |A| ≥ CL and all t ∈ 
Then
By (3.13) and (3.14),
and by (3.15) ,
Thus by (3.17), (3.18), and the maximum principle,
Thus ω(τ 2 , x, y) ≤ θ 0 /2 whenever y ∈ I. So by (3.12), T (τ 2 , x, y) ≤ θ 0 for y ∈ I. Together with (3.15) this gives T (τ 2 , x, y) ≤ θ 0 for y ∈ [−δ 1 , l + δ 2 ], thereby finishing the proof of (i).
Whether quenching happens in the case l = ℓ depends not only on whether solutions of (3.9) with Dirichlet boundary conditions at y = 0, ℓ, initially compactly supported, go uniformly to 0, but on this decay being uniform in all φ(0, ·, ·) supported in [−L, L] × [0, ℓ] (for each L). (ii) If the condition in (i) is not satisfied, then there is L 0 such that if L ≥ L 0 , then for any A the temperature T (t, x, y) does not go uniformly to zero as t → ∞.
Proof. (i) Here we can use a version of the proof of Theorem 3.1(i). A small complication is that since l = ℓ, we cannot enlarge the interval [0, l] by δ and still keep the property that every initially compactly supportedφ goes uniformly to 0. However, the same argument works if we first pick τ 2 ≡ τ (L + 2δ, θ 0 /2) + 1 (with an arbitrary δ > 0), then τ 1 , A, and only then we pickφ so thatφ(0, ·, ·) is supported in
ℓ] (and therefore on R × [0, ℓ] as well). The rest of the argument is unchanged.
(ii) If for any L the temperature T (with initial condition (3.4)) went uniformly to zero, then by comparison theorems we would have τ (L, ε) ≤ t where t is such that T (t, ·, ·) ∞ < ε. In [4] an upper bound on ℓ was provided by constructing a non-zero compactly supported φ(x, y) such that
Recalling Definition 1.1, the above proves
in the sense of distributions. By comparison theorems, ℓ is at most the diameter of the support of φ. Here we give a lower bound on ℓ, in terms of the existence of a stationary 1D solution of (3.9).
Proposition 3.4. With the above notation, ℓ is at least the length of the shortest interval I so that there exists ψ : I → [0, 1], vanishing at the edges of I, such that inside I
Proof. Assume φ is a solution of (3.9) on (x, y) ∈ R×[0, l] with Dirichlet boundary conditions at y = 0, l and φ(0, ·, ·) compactly supported (and taking values in [0, 1]), such that φ does not go uniformly to zero as t → ∞. Letφ be the solution of (3.9) with the same boundary conditions, but withφ(0, x, y) ≡ sup x φ(0, x, y). By comparison theorems,φ ≥ φ, and soφ also does not go uniformly to zero as t → ∞.
Moreover, obviouslyφ(t, x 1 , y) =φ(t, x 2 , y) for any t, y, x 1 , x 2 , and soψ(t, y) ≡φ(t, x, y) is well-defined and solves Remark. In [4] it is proved that ℓ ≤ cκ/v 0 for some constant c depending on f . It follows that the critical plateau length ℓ is of the order of the laminar front width κ/v 0 .
Proof. By Proposition 3.4, there exists a solution ψ of (3.19) on [0, ℓ] vanishing at 0, ℓ. Since f (ψ) ≤ ψ, we then have
That is, the lowest eigenvalue of −△ on [0, l] is at most (v 0 /κ) 2 . Hence l ≥ πκ/v 0 . But if l = πκ/v 0 , then necessarily ψ(y) = c sin(v 0 y/κ). This contradicts (3.19) because f (ψ) = 0 for small ψ.
The following proposition relates dynamical properties of reactiondiffusion equation with Dirichlet boundary conditions to existence of stationary solutions. Since we were not able to find this simple and natural result in the literature, we provide the proof in a slightly more general setting than needed for our application. Let Ω be a bounded domain with smooth boundary in R n . We also assume for the sake of simplicity that the reaction function is smooth. In one dimension this requirement can be removed and f only continuous is sufficient. This can be done by approximation from above with smooth f , comparison principles, and a simple ODE shooting argument. Proof. For the sake of simplicity we let κ = v 0 = 1. Since by the maximum principle φ(x, t) ≤ 1 for any t, standard regularity estimates imply that all Sobolev norms of φ(x, t) are uniformly bounded in time:
at every x ∈ Ω. We claim that φ − (x, t) is Lipshitz continuous and is moreover a weak subsolution, that is
To avoid certain degenerate cases, we define here Lipshitz continuity as |φ − (x, t) − φ − (y, t)| ≤ C|x − y| for any x, y which belong to some ball B ⊂ Ω, with the constant C independent of x, y and B. Indeed, let C 1 be a uniform upper bound on |∇φ(x, t)|. Assume there exist x, y ∈ B ⊂ Ω with |φ − (x) − φ − (y)| > 2C 1 |x − y|. From the definition of φ − it follows that there exist t n → ∞ such that either φ(y, t n ) − φ − (x) > 2C 1 |x − y| or φ(x, t n ) − φ − (y) > 2C 1 |x − y|. But this implies that for any ǫ > 0, for all sufficiently large n we have |φ(y, t n ) − φ(x, t n )| > 2C 1 |x − y| − ǫ, which contradicts the bound on the gradient of φ.
Notice also that compactness of Ω and uniform boundedness of |∇φ| show that φ − is not identically zero and vanishes on ∂Ω.
, where e j are unit vectors in coordinate directions. Next, we claim that for any x such that dist(x, ∂Ω) > δ, we have
where γ(δ) converges to zero when δ goes to zero. Indeed, by definition of φ − (x), we have that for any ǫ > 0, there exists a sequence t n → ∞ such that |φ − (x) − φ(x, t n )| < ǫ and φ − (y) ≥ φ(y, t n ) − ǫ for any y. Moreover, we can choose t n so that |φ t (x, t n )| < ǫ. Now 2φ(x, t n ) ).
Using the mean value theorem and uniform upper bounds on derivatives of φ, it is not hard to show that
uniformly in x and t n as δ → 0, with an error bounded by Cδ. Therefore,
Since ǫ is arbitrary, this leads to
Given
Carrying out discrete integration by parts on the left hand side and passing to the limit δ → 0, we get
Passage to the limit is justified since we know that φ − (x) is Lipshitz and therefore belongs to the Sobolev space W 1,∞ . Thus we see that φ − (x) is a weak subsolution of (3.21). Now consider initial dataφ(x, 0) such that φ − (x) ≤φ(x, 0) ≤ 1. By the maximum principle, for all t we haveφ(x, t) ≥ φ − (x). Consider φ + (x) = lim inf t→∞φ (x, t) ≥ φ − (x). By repeating the same arguments as above, we find that φ + (x) is a weak supersolution. Then by wellknown results (see e.g. [6] , Theorem 9.3.1), there exists a weak solution ψ(x) of (3.21), satisfying φ − (x) ≤ ψ(x) ≤ φ + (x). By boundary regularity results, ψ(x) is regular on all of Ω.
Results in this section extend without change to higher dimensions. The proofs are identical to those above, this time using higher dimensional Brownian motion. Assume that T (t, x, y) is a solution of (3.1), (3.4) on R + 0 × R × R n with u(y) = u(y + h j e j ) for j = 1, 2, . . . , n and some h j > 0 ({e 1 , . . . , e n } being the standard basis in R n ).
We say that a domain Ω ⊆ R n is (v 0 , κ, f )-quenching if for every L < ∞ and ε > 0 there is τ (L, ε) < ∞ such that any solution φ of (3.9) on (x, y) ∈ R × Ω with Dirichlet boundary conditions on ∂Ω and φ(0, ·, ·) supported in [−L, L] × Ω (and taking values in [0, 1]), satisfies φ(t, x, y) < ε for t ≥ τ (L, ε). A plateau of u is any maximal domain Ω on which u is constant. Then we have Theorem 3.7. With the above notation the following hold.
(i) If every plateau of u is (v 0 , κ, f )-quenching, then there exists C (depending on u) such that for every L and |A| ≥ CL we have T (t, x, y) → 0 as t → ∞, uniformly in (x, y) ∈ R n+1 . (ii) If u has a plateau that is not (v 0 , κ, f )-quenching, then there is L 0 such that if L ≥ L 0 , then for any A the temperature T (t, x, y) does not go uniformly to zero as t → ∞. Remark. Note that if n ≥ 2, then even non-constant u can have unbounded plateaux.
Finally we note that we only considered initial conditions (3.4) for the sake of simplicity of presentation. It is obvious that our results apply also in the case of smooth initial conditions satisfying, for instance,
If we wish to consider initial temperatures that are not maximal (but still above the ignition temperature θ 0 ) on an increasing family of regions, for example,
for some η ∈ (θ 0 , 1), then there is only one change -ℓ in Theorem 3.1 is defined in terms of Dirichlet solutions φ initially compactly supported and initially bounded above by η. The above method actually applies in the case of any family of compactly supported initial conditions T L (0, x, y) as long as these are such that for any L 1 and δ 1 > 0 there are L 2 and δ 2 > 0 so that T L 2 (0, x 2 , y 2 ) ≥ T L 1 (0, x 1 , y 1 ) − δ 1 whenever |(x 2 , y 2 ) − (x 1 , y 1 )| < δ 2 (in particular, T L (0, ·, ·) continuous will do). This last condition is necessary for our proof of part (i) of Theorem 3.1 because now we have
Here ℓ is defined in terms of φ initially bounded above by the T L 's.
Scaling
In this section we study the dependence of the "quenching amplitude", that is, the infimum of all A such that initial temperature distribution T (0, x, y) = χ [−L,L] (x) (4.1) leads to quenching, on the scaling of the profile of the shear flow u. Hence we consider
with u periodic and α > 0. The results of this section agree with numerical simulations performed in [13] . The first is Then there is C > 0 such that for large enough α and |A| ≥ CαL, the solution of (4.2) with initial condition (4.1) satisfies T (t, x, y) → 0 as t → ∞, uniformly in R 2 .
Remark. The necessity of this bound can be explained by the fact that fast oscillations in the advection homogenize propagation of the flame (w.r.t. y) and so larger advection amplitudes are needed to expose the hot region to diffusion. 
where E denotes expectation with respect to the Brownian motion starting at z. Moreover the convergence can be shown to be uniform in y since all the estimates entering the proof are uniform in y. This implies the estimate (4.3).
Next, we consider scaling in the opposite direction, that is α → 0.
is periodic and |u ′ (y)| + |u ′′ (y)| + · · · + |u (n) (y)| > 0 for some n and all y, then there is C > 0 such that for small enough α > 0 and |A| ≥ Cα −n L, the solution of (4.2) with initial condition (4.1) satisfies T (t, x, y) → 0 as t → ∞, uniformly in R 2 .
Let us give a short explanation of this result. Consider first the situation as in [13] , where u(y) = sin y was analyzed numerically. When there is no flow, the critical quenching size, according to results of Kanel', is of the order ℓ. Therefore one expects that to quench initial data of size L, the flow should be able to thin it down to width ℓ, given by Theorem 3.1, in time τ ∼ κ/v 2 0 (before the reaction picks up). The differential of velocities near the tip at points which are distance ∼ ℓ apart is Aα 2 ℓ 2 , so we get the condition for quenching Aα 2 ℓ 2 τ ∼ L, which is consistent with our theorem. In a more general setting, assume u is smooth enough and u ′ (0) = u ′′ (0) = · · · = u (n−1) (0) = 0 (and u ′ does not vanish to a higher degree elsewhere). If then A grows slower than O(α −n ) as α → 0, the functions Au(αy) become very flat on intervals around 0 with increasing lengths. The reasoning from the previous section then shows that one should not expect quenching for small α's.
To prove the theorem, we will need an auxiliary lemma. For b ∈ S n−1 , the unit sphere in R n , we define P b (y) ≡ b n y n + b n−1 y n−1 + · · · + b 1 y. and we let M ≡ K n + K n−1 + · · · + K so that |P b+δ (y) − P b (y)| ≤ M|δ| whenever |y| ≤ K. Hence we need to show that, just as p in Section 2, q → 0 as ε → 0, uniformly in (b, a) ∈ S n−1 × R. Notice that we do not need to exclude the value tP b (0) = 0 in the above probability because the P b 's have no plateaux. The proof is identical to that of Lemma 2.2. First, the absence of plateaux in the P b 's gives q(b, a, 0) = 0. Then with δ ≡ tM|δ 1 | + |δ 2 | + |δ 3 | we have |q(b + δ 1 , a + δ 2 , ε + δ 3 ) − q(b, a, ε)| ≤ P which goes to zero as δ → 0 because q(b, a, 0) = q(b, a + ε, 0) = 0. Thus, q is jointly continuous in (b, a, ε). This means that q(b, a, ε) → 0 as ε → 0, uniformly in any compact subset of S n−1 × R. Finally, q(b, a, ε) = 0 for |a| > tM + ε, finishing the proof.
Proof of Theorem 4.2. Since u ∈ C n+1 (R) and is periodic, |u ′ (y)| + |u ′′ (y)| + · · · + |u (n) (y)| > ρ for some ρ > 0 and all y. Let K be such that
Let C > 0, |A| ≥ Cα −n L, and c ≡ u (n+1) ∞ /(n + 1)!. Then if b k ≡ u (k) (αy)/k! for k = 1, . . . , n, Taylor's theorem gives us u(α(y + δ)) = u(αy) + P b (αδ) +cα n+1 |δ| n+1 for some |c| ≤ c. Notice that b need not be a unit vector here.
With all the following probabilities conditioned by |W 0 s | ≤ K for s ∈ [0, 1], we have with d k ≡ b k α k−n and M ≡ 2cK n+1 . If we take α < 1, then |d| ≥ |b| ≥ ρ/(n + 1)! and so there are e ∈ S n−1 and r ≥ ρ/(n + 1)! such that d = re. The last expression in (4.5) is then at most sup e∈S n−1 ,a P 1 0 P e (W 0 s )ds ∈ a, a+
Lemma 4.3 ensures that for some C < ∞ and all small α the supremum is smaller than θ 0 e −v 2 0 /2κ 2 /2, and then (3.6) and (3.7) give (3.5) for τ = (2κ) −1 . The result follows.
